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Abstract
In this paper, several distributional properties and characterization theorems of the
generalized multivariate Pareto distributions are studied. It is found that the multivariate
Pareto distributions have many mixture properties. They are mixed either by geometric,
Weibull, or exponential variables. The multivariate Pareto, MPðkÞðIÞ; MPðkÞðIIÞ; and
MPðkÞðIVÞ families have closure property under ﬁnite sample minima. The MPðkÞðIIIÞ family
is closed under both geometric minima and geometric maxima. Through the geometric minima
procedure, one characterization theorem for MPðkÞðIIIÞ distribution is developed. Moreover,
the MPðkÞðIIIÞ distribution is proved as the limit multivariate distribution under repeated
geometric minimization. Also, a characterization theorem for the homogeneous MPðkÞðIVÞ
distribution via the weighted minima among the ordered coordinates is developed. Finally, the
MPðkÞðIIÞ family is shown to have the truncation invariant property.
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1. Introduction
Four generalized multivariate Pareto distributions, MPðkÞðIÞ; MPðkÞðIIÞ;
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According to Arnold’s deﬁnition, the joint survival function of the MPðkÞðIVÞ
distribution is given as
Deﬁnition 1.1. Suppose
%
X ¼ ðX1;y; XkÞ is a k-dimensional random vector. If the
















x ¼ ðx1;y; xkÞ; xiXmi; where a40;
%
m ¼ ðm1;y; mkÞ;
%
s ¼ ðs1;y; skÞ;
%
g ¼
ðg1;y; gkÞ; each miAR; si40; gi40 for 81pipk; then
%
















It is easily discerned that these four k-dimensional MPðkÞðIÞ; (II), (III), (IV) are
qualiﬁed as multivariate Pareto distributions by virtue of having Pareto marginal
variables. Also, it is easy to verify that the MPðkÞðIÞ; (II) and (IV) families are closed
with respect to conditional distributions. Yeh [6–8] studied some properties and
inferences for these four multivariate Pareto distributions. Numerous papers dealing
with bivariate and multivariate Pareto distributions have subsequently appeared in
the literature after Arnold [1] (see [4, Chapter 52] and the references therein). In this
paper, some other distributional properties of the MPðkÞðIÞ; (II), (III), (IV) families
are further studied. The characterization theorems for the MPðkÞðIIIÞ and MPðkÞðIVÞ
are also proved. It is shown that the MPðkÞðIIÞ has the truncation property.
These four generalized multivariate Pareto distributions are expected to ﬁt the
upper tails of some multivariate continuous income data and some other socio-
economic multivariate variables. Within the hierarchy of the four generalized
MPðkÞðIÞ; (II), (III), (IV), the MPðkÞðIIÞ family is most suited in reliability context
owing to its truncation invariant property.
2. Mixture properties of the multivariate Pareto distributions
Let
%
X ¼ ðX1; X2;y; XkÞ denote k-dimensional multivariate Pareto random vector,
if some parameters of the MPðkÞðIVÞ distributions are themselves random variables,
then some simple results hold, which are reported in this section.
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gÞ; where the scale vector
%
sp%
g ¼ ðs1pg1 ;y; skpgkÞ:
In Property 2.1, if a is assumed to have an exponential distribution with mean l1;
then the survival function of
%
X is given in the following property.





























As mentioned in [7], there are two representations of the MPðkÞðIVÞ random vector
given by Arnold [1], they are stated as the following two properties.
Property 2.3. Suppose that ZB Gammaða; 1Þ and that, given Z ¼ z; in
%
X ¼
ðX1; X2;y; XkÞ; each Xi Z¼zj Bindependent Weibull variable with conditional survival





















g; aÞ; then for each i ¼ 1;y; k;
there exist k i.i.d. exponential ðl ¼ 1Þ random variables Wi and a Gammaða; 1Þ
variable Z; Wi’s and Z are independent such that the Xi’s have the representation





s; aÞ is a subclass of MPðkÞðIVÞ family by letting all gi ¼ 1; as
%
g ¼ ð1;y; 1Þ; so there is an important representation of MPðkÞðIIÞ distribution, it is
stated as the following two corollaries.
Corollary 2.3.1. Suppose that ZB Gammaða; 1Þ and that, given Z ¼ z; in
%
X; each
Xi Z¼zj Bindependent exponential with conditional survival function PðXi4xi Z¼zj Þ ¼
e


















s; aÞ; then for each i ¼ 1;y; k;
the Xi’s have the representation Xi ¼ mi þ siðWi=ZÞ; where Wi Bi:i:d: Exp(1) and
ZBGammaða; 1Þ; Wi’s and Z are independent.
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This corollary can be regarded as the reverse statement of Corollary 2.3.1, hence
for the MPðkÞðIIÞ family, suppose ZBGammaða; 1Þ; given Z ¼ z; the representa-
tion of each component fðXi  miÞ=sig Bindependent Expðl ¼ zÞ is an ‘‘if and only if’’
result.
3. Extreme order statistics of multivariate Pareto distributions
Analogous to Yeh’s multivariate Zipf results [9], the MPðkÞðIÞ; (II) and (IV)
families are also closed under ﬁnite sample minima.
Let
%
Xi ¼ ðX i1; X i2;y; X ikÞ for each i ¼ 1; 2;y; n be a random sample from any one
of the MPðkÞðIÞ; (II), (IV) populations, then the closure property of the sample
minima is stated as follows.




















































In Property 3.1, the sample minima min1pipn
%
Xi is the k-dim random vector of the





where Xð jÞ ¼ minfX 1j ; X 2j ;y; X nj g for j ¼ 1; 2;y; k:
It is easily veriﬁed that MPðkÞðIIIÞ population has no closure property for sample
minima, the reason is that MPðkÞðIIIÞ is a special case of MPðkÞðIVÞ by setting ai  1:
Then by Property 3.1(3), we have the following corollary:
Corollary 3.1.1. Suppose f
%
















It will be shown in the following that the MPðkÞðIIIÞ family is closed under
geometric minima and geometric maxima.
Property 3.2. Suppose that N is a geometric variable with pmf PðN ¼ nÞ ¼
pð1 pÞn1; n ¼ 1; 2;y; given N ¼ n; let f
%











m ¼ ðXð1Þ; Xð2Þ;y; XðkÞÞ be the k-dim. geometric minima
with Xð jÞ ¼ minfX 1j ; X 2j ;y; X Nj g for each j ¼ 1; 2;y; k; then
%













g ¼ ðs1pg1 ;y; skpgkÞ:
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Note that if we compare the results of Properties 2.1 and 3.2, it is found that the
geometric mixture of a MPðkÞðIVÞ random vector is merely a mixture formulation of
the geometric minima of a random sample of the MPðkÞðIIIÞ population.
Similarly, the coordinatewise geometric maxima of f
%
Xig is denoted by X ð jÞ ¼





M ¼ ðX ð1Þ; X ð2Þ;y; X ðkÞÞ; then the following weaker property is obtained.
Property 3.3. For each j ¼ 1; 2;y; k; the k marginal distributions of
%
M; i.e., X ð jÞ are
univariate Pareto(III) ðmj; sjpgj ; gjÞ distributed, but the k-dim. geometric maxima
%
M
itself is not a multivariate MPðkÞðIIIÞ vector.
Finally, it is noted that there is an interesting property among the coordinate










1; aÞ; let Xð1Þ ¼
min1pipk Xi; then Xð1Þ is univariate Pareto(IV) distributed as Xð1ÞBPðIVÞ
ðm; ð1=Pki¼1 ð 1siÞ1=gÞg; g; aÞ; where, mAR; g40 and m%1 ¼ ðm;y; mÞ; g%1 ¼ ðg;y; gÞ
are k-dimensional.
4. Some limiting properties of the MP(III) distributions
4.1. Characterization of the MPðkÞðIIIÞ distribution
Arnold and Laguna [2] and Arnold et al. [3] studied the characterization of the
univariate Pareto(III) distribution via the scale transformation of the geometric
minima.
It is observed from Property 3.2, that the MPðkÞðIIIÞ distribution is closed under
geometric minima. This fact stimulates me to study the characterization of the
MPðkÞðIIIÞ through the geometric minimization procedure.
For
%
s ¼ ðs1;y; skÞ;
%





the family of all distribution functions FðÞ with the property that the local behavior














where %FðÞ is the survival function of FðÞ:
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Theorem 4.1. Let f
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xðÞ satisfying (4.1). For a fixed pAð0; 1Þ;





k-dim. geometric minima of f
%





























mp ¼ ðpg1m1;y; pgk mkÞ¼d
%
X1 for some pAð0; 1Þ and since
gi40; so all p






















































































0Þ ¼ 0: Also, p%g %mp ¼
d
%























































xÞ ; substitute jðÞ in (4.2), we conclude that for all %x4%0; jð %xÞ ¼





xÞ for 8cX1; ð4:3Þ
where ðpcÞ%g
%
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gÞ is followed. &





X1 is required to hold for






xÞBPki¼1 ðxisiÞ1=gi as %x-%0 can





X1 for all pAð0; 1Þ:
4.2. Asymptotic results of repeated geometric minimization
A limit theorem lurking behind the characterization of MPðkÞðIIIÞ distribution is
presented in Theorem 4.1. The MPðkÞðIIIÞ distribution can arise as the limit
multivariate distribution under repeated geometric minimization.
Suppose we start with a sequence of i.i.d. random vectors with common joint


























































g; suppose X ð2ÞðN2ÞB %F3ðÞ;y; in general, after ðc 1Þ steps, let
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Nc1 g; suppose %X
ðc1Þ
ðNc1ÞB %FcðÞ:
For c ¼ 2; 3;y; the recursive relation among f %FcðÞg is derived by conditioning











xÞ ¼ pc1 %Fc1ð %xÞ
1 ð1 pc1Þ %Fc1ð
%
xÞ; ð4:6Þ
then under some suitable normalization on the repeated geometric minima will lead
to a non-trivial multivariate limit law as a MPðkÞðIIIÞ distribution. It is the following
theorem.













0: For each c ¼ 2; 3;y; define %FcðÞ sequentially in such a





i g Bi:i:d: %Fc1ðÞ; and let
Qc1














































j¼1 pjÞ ¼ 0:
Proof. In (4.6), let jcð
%

















































xðQc1j¼1 pjÞ%gÞ ; ð4:10Þ
where
%
xðQc1j¼1 pjÞ%g ¼ ðx1ðQc1j¼1 pjÞg1 ;y; xkðQc1j¼1 pjÞgkÞ:
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xð Qc1j¼1 pjÞ%gÞB %F1ð
%



















Because %FcðÞ is the survival function of the geometric ðpc1Þ minima of a random
sample from %Fc1ðÞ: Use the previous notation, let Nc1B geometric ðpc1Þ; deﬁne

























j¼1 pjÞ ¼ 0: &
Both of the functions %F
%
XðÞ in Theorem 4.1 and %F1ðÞ in Theorems 4.2 can be























It is discerned from Theorems 4.1 and 4.2 that the form of the multivariate
limiting distribution will depend only on the local behavior of %F
%
XðÞ or %F1ðÞ near its
lower bound. This is remarkable because in the literature on univariate Pareto
distribution, the great emphasis usually places on upper tails.
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5. Characterizations of the homogeneous MPðkÞðIVÞ distribution
Yeh [7] studied the homogeneous MPðkÞðIVÞ distribution. It is deﬁned by all






1; aÞ distribution, hence the





f1þPki¼1 ðxisiÞ1=gga; for all %x4%0:
According to Yeh [7] and Section 3, Property 3.4 of this paper, it is found that the
minima of the ordered coordinates of a homogeneous MPðkÞðIVÞ vector is a
univariate Pareto (IV) variable. Actually, this property leads to a characterization of










X be a k-dim: random vector with some
%

















a ¼ ða1;y; akÞ4
%
0 such that jj
%
ajj9ðPki¼1 a1=gi Þg ¼ 1; the weighted minima
among the ordered coordinates in
%
X is defined as m ¼ min1pipkfXimiaisi g is a
univariate Pareto(IV) variable, i.e., mBPðIVÞð0; 1; g; aÞ for some a40:



















m; let t ¼ 1
%
s ð %X  %
mÞ
  9ðPki¼1ðximisi Þ1=gÞg;

















The survival function of
%


















































1; aÞ; and hence (1) ) (2) is followed.
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1; aÞ: Then the survival function of m; is
as deﬁned in before,






















Hence the weighted minima m is a univariate Pareto variable, and
mBPðIVÞð0; 1; g; aÞ; therefore, (2) ) (1) is followed. &
6. Truncation property and residual life of the MPðkÞðIIÞ distribution
Arnold [1] mentioned that a truncated univariate Pareto(II) distribution itself is a
univariate Pareto(II) distribution. This truncation property holds parallel to the







s; aÞ; then the distribution of
%
X truncated at the left
at
%




































It is observed from Property 6.1 that the MPðkÞðIIÞ family has the truncation
property, hence within the hierarchy of the four generalized multivariate Pareto
distributions, MPðkÞðIÞ; (II), (III), (IV), the MPðkÞðIIÞ family is most suited in both
economic and reliability contexts.
In reliability contexts, the residual life topic is usually of interest to researcher.
Thus we deﬁne:
Deﬁnition 6.1. For a general multivariate distribution function, F
%
XðÞ; the
residual life distribution of %F
%
XðÞ at the truncation point
%
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The multivariate life distribution at truncation point
%







xÞ40: In most application, if %F
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Among these four generalized MPðkÞðIÞ; (II), (III), and (IV) distributions, only the













































0: The above resulting expression is also a MPðkÞðIIÞð
%
0; ð1
þPkj¼1 ðxjmjsj ÞÞ %s; aÞ survival function for each %xX %m: This observation is equivalent
to the fact that the MPðkÞðIIÞ family has the truncation property which is proved in
Property 6.1.
Appendix
Proof of Property 2.1. In this case, the pmf of a is Pað jÞ ¼ Pða ¼ jÞ





















































gÞ; and Property 2.1 is followed. &



















































H.-C. Yeh / Journal of Multivariate Analysis 88 (2004) 47–6058
Proof of Property 3.4. For any xXm; the survival function of the coordinate extreme
minimum is























1=gÞgÞ; g; aÞ is followed. &















x0; the conditional survival function of
%
























































































0; ð1þPkj¼1ðx0j mjsj ÞÞ %s; aÞ is followed. &
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